In this article we present a first application of our recently invented real-space RG formulation [1] . We work out a rigorous non-perturbative RG approach for the spin-1 2 XXX Heisenberg model. This allows us to determine accurately the flow behaviour in the effective coupling constant for the non trivial fixed point region, which is still an open problem. We examine both, the ferromagnetic and the anti-ferromagnetic regime and explain the details of the implementation of our new idea in both cases.
I Introduction
In 1966 L.P. Kadanoff [2] presented arguments which would allow one to calculate critical exponents without ever working out the partition function explicitly. Later K.G. Wilson [3] detected the importance of this idea and by a quantitative formulation of the original idea he invented the Renormalization Group (RG). The key idea of the RG is the scale invariance at the critical point. As the physical system moves towards a phase transition, it becomes increasingly dominated by largescale fluctuations. At the critical point the correlation length (the length scale of the fluctuations) becomes infinite and the system becomes scale invariant. The idea of RG is then to define a RG transformation (RGT) to wipe out short distance behaviour. When the system becomes invariant under successive RG transformations it has reached a fixed point. The fixed point then corresponds to a critical point of the physical system. Although the method has been successfully applied in various physical research fields , the construction of RGTs for strong coupling regimes is an important and challenging problem. Two of the most popular examples are the strong coupling quantum chains like the Heisenberg models or the nonlinear partial differential equations (PDEs). Standard approaches like Fourier transform in combination with perturbation theory fail for these kind of problems. In this paper we study the critical behaviour of the spin-1 2 isotropic Heisenberg model by a new real-space RG method presented in a previous paper [1] . Loosely speaking, the basic idea of the previous paper was to introduce a so called auxiliary space which enables us to define an exact local RGT, i.e a RGT for a small subsystem (block). By exact we mean that it is possible, due to a suitable choice of the auxiliary space, to capture the whole physics of the model within the local RGT. This paper is organized as follows: In the next section we begin by revisiting the classical case. We give the explicit calculation within our new RG framework which directly leads to an exact local block RGT. The aim of this section is to give the unexperienced reader the idea of constructing local exact RGTs. We proceed in section III by defining the first example of a suitable auxiliary space for the ferromagnetic quantum chain together with the local RGT. The analytical results for the flow behaviour are presented graphically. In section IV we underpin our approach by deriving a correct anti-ferromagnetic flow behaviour. In the last section we finally give some conclusions.
II The Migdal-Kadanoff RGT
Here we consider the one dimensional Ising model without an external magnetic field and with nearest neighbour (n.n.) interaction [4] . All thermodynamic quantities can be calculated from the model's partition function
where {σ i } indicates that the sum should be extended over all possible assignments of ±1 to lattice sites. In (1) k B is Boltzmann's constant and we are interested in the limit N −→ ∞. The corresponding physical picture consists of an array of elementary magnets σ i placed on the lattice sites i.
Redefining the coupling constant J as the new parameter
we rewrite the partition function as
We split the sum over all possible configurations according to the numbering of the single site spins by
We then perform the sum over the even sites successively by calculating
for each even site 2i. Comparing to our general real-space RG setup [1] , the functional dependence O is given in this example by the Hamiltonian H Ising in (1) . By performing the sum over the even sites the smallest distances on the spin lattice are wiped out and we can define the effective functional dependence [1] by
together with the invariance relation [1]
Here f ′ denotes a possible change in the groundstate energy normalized to zero in H Ising (J) and the local RGT is defined by (5) . To make (5) an exact RGT [1] we specify it further by
according to the invariance relation (7) . The effective parameters k ′ andf ′ are uniquely determined as
Of course this comparison is incomplete since in the classical case we do not have the opportunity to define an auxiliary space as well as an embedding and truncation map. Of course our explanations are only a reinterpretation of what is called a Migdal-Kadanoff transformation for classical spin systems. This calculation was invented the first time in 1976 by A.A. Migdal [5, 6] and reformulated using bond moving ideas by L.P. Kadanoff [7, 8] .
Iterating equation (9) in k ′ one can establish the trivial flow behaviour as is expected for one dimensional strongly correlated systems [9] . In the next section we proceed with the quantum analogue of this spin model.
III The ferromagnetic isotropic Heisenberg chain
The ferromagnetic isotropic spin-1 2 Heisenberg chain is given by
which is totally isotropic in the spin components and widely known as the XXX spin- 1 2 model [10, 11] . The spin variables σ x , σ y and σ z define the Lie algebra sl (2) . We choose the smallest nontrivial representation S α i = ( /2)σ α i by the Pauli matrices
Although we are examining one of the simplest quantum spin models to illustrate our method the approach can also be applied rather straight forward to the well known generalizations as the XXZ and XYZ model. The partition function for the XXX spin-1 2 model is defined in analogy to (1) by
where we have made use of the vector notation and have again introduced a temperature dependent coupling parameter k = −J k B T . In analogy to the classical case we write the invariance relation as
where we have made use of the factorization property of the trace tr {σ j } = j tr σ j . Following our instructions for constructing a local RGT [1] for quantum physical models we proceed by changing our notation and equip each operator with an abstract auxiliary space [1] which is not further specified. This procedure is allowed as long as each operator acts as the identity on the auxiliary space [1] , so the additional space is in fact at first meaningless. We then have to define the embedding and the truncation maps G H ′ ⊗H ′ aux and G
+
H⊗Haux by the invariance relation
compared to (13) . If we choose
the structure of the truncation and embedding maps becomes very simple
We now choose a block decomposition of O which is quite analogous to (3), where we take the trace over one even site in each block
To avoid technical difficulties we have slightly changed our notation by identifying
which therefore does not include a parameter dependence. By relation (17) we have derived an example for a product block decomposition [1] using the Baker-Campbell-Hausdorf formula [12] in the case of blocks
We like to stress that since O inter
all the non commutativity effects or 'quantum correlations' are absorbed into the inter block part and the intra blocks O intra
(k) are commuting operators. Then following the general instructions [1] we have to define the non trivial action of the intra block O intra
(k) on the auxiliary space (H aux ) I in such a way that it covers the boundary effects originally contained in the inter block part during the RGT. As far as the high temperature limit T −→ ∞ is considered [13] the inter block terms automatically become negligible and an auxiliary space is superfluous. This can be interpreted as a first ingredient in the construction of a suitable auxiliary space since we have to ensure that in the high temperature limit the flow behaviour deduced from including an active or passive auxiliary space [1] can be mapped onto the flow behaviour without using an auxiliary space. By equation (17) we notice that an inter block operator O inter
(k) only include the nearest neighbour (n.n.) spin site on the right of the the intra block O intra
and the nearest neighbour (n.n.) spin site on the left of the the intra block O intra
(k) to describe the non commutativity between the two adjacent intra blocks. This suggests a rather straight forward attempt to construct an auxiliary space by choosing copies of the left and the right n.n. site of the intra block visualized in figure 1 is then called a superblock [1] whereas we refer to a block composition without an auxiliary space as the original intra block.
To point out that the auxiliary space is constructed by copies of the n.n. sites of the intra block we put the labels into brackets '< . >'. At this step we should keep in mind that the auxiliary sites are copies of even sites in the whole quantum chain. Therefore to incorporate the boundary conditions correctly during a local RGT, we also have to truncate the auxiliary sites and we are faced with the general case of an active auxiliary space [1] . We finish the construction of our local RGT with two important remarks: It is obvious that our choice of the auxiliary space by copies of the two n.n. sites of the intra block can only lead to an approximation in describing the role of the boundary effects during the RGT. Although the inter blocks O inter
(k) in relation (17) include only these n.n. sites, we have neglected the connection to the further sites of the next intra blocks completely. The second remark is also concerned with our particular choice of the auxiliary space. During the RG procedure we have to ensure that the additional auxiliary sites are really treated as copies of the original sites. Otherwise we only have enlarged the block Hilbert space H I and the treatment of the boundary conditions gets lost. Since the single site Hilbert spaces and their copies are formally indistinguishable it will be the task of the embedding and truncation operators G H ′
to mark the auxiliary space within the superblock H I ⊗ (H aux ) I as illustrated in figure 2. On the right hand side of figure 2 the intra block operator is drawn in the effective Hilbert space H ′ where the lighted site denotes an even site which is missing after truncation. After these preliminary definitions dictated by the general instructions [1] we can write 
We already have stressed the active character of the auxiliary space which is in fact wiped out in the truncation process and therefore no effective auxiliary space is left after the RGT. For clarity we summarize our quantities
and i ∈ {1 . . . N/2}. If we calculate
it turns out, that our RGT is only perfect and not exact [1] . In the last line of (20) we have to trace over two copies of the even sites denoted by tr a and tr b . In fact we have pointed out already that the choice of our auxiliary space does not allows for an exact treatment of the correlations during the local RG procedure. Although our product decomposition (17) allows for improving the description of non commutativity effects during the local RGT by simply enlarging the number of copies of neighbouring sites, we will never be able to give an exact description of the non commutativity effects during the local RGT. How we can find satisfying results by disregarding the invariance relation will be explained in the following. The calculation of the flow behaviour from the local RGT (18) is most easily performed by rewriting
where the coefficients are determined as
Further as proved in the appendix we can make use of the relation
so that the local RGT (18) reduces to the system of equations
We like to stress that the parameters a ′ and b ′ are obtained from a simple rewriting in (22) whereas the calculation of a and b involves the truncation procedure: The parameter a can easily be obtained by taking trace over all the odd sites in (23) which results in
From the identification in (19) we further know that H H I ⊗(Haux) I is diagonalizable by an unitary transformation D = U † H U with D a diagonal matrix. This yields the identification tr {O} = tr { exp [D] } which allows for explicit calculation of a(k) and we also have
At this point we like to give a little remark on the calculation of a(k) and b(k). The matrix exp k D H I ⊗(Haux) I used in both calculations is in fact a diagonal matrix whose nonzero elements are the Boltzmann weights
of our superblock H I ⊗ (H aux ) I where E j denotes the corresponding energy eigenvalue. Relation (27) defines the density matrix of our superblock originally introduced by R.P. Feynman [14] . The density matrix includes the information about the statistical 'importance' of each eigenstate of the superblock in the RG flow at some temperature T . Therefore in contrast to the numerical DMRG procedure [1, 15] we have not only fixed one superblock eigenstate as the target state, but have used all the possible eigenstates of our superblock weighted by their importance to define the local RGT. Indeed this is not surprising since by defining a finite temperature RG we expect that all the eigenstates of the superblock will be relevant within the RGT. For an explicit calculation of the RG flow, we have to solve (24) for the effective parameter k ′ (k). By means of (22) we obtain
and a similar expression is obtained for the energy shift f ′ (k). Computing the traces in (25) and (26) is a rather daunting task because it involves big matrix expressions. It also turns out that the flow equation (28) has a rather complicated structure including several detailed correction terms, which get more important in the low temperature limit. Instead of presenting the exact formula for the flow equations we therefore have plotted the RG flows to study their physical behaviour. In figure 3 the superblock flow for the local RGT (18) is plotted in the positive coupling range, the ferromagnetic part of the flow. In figure 3 we also have plotted a RG flow of the original intra block without any auxiliary space which makes it impossible to include any variation of the boundary conditions. The two curves deviate significantly from each other except in the high temperature limit, i.e. k → 0, where the inter block terms become superfluous. This supports our initial proposal that the high temperature behaviour is independent of the auxiliary space. Until now we can only assume that we have worked out an improved RG flow. To check our special choice of the auxiliary space as a reliable approximation we look for a simple way to improve the used auxiliary space. As already mentioned by the special choice of our auxiliary space we are not able to include the effect of the correlations to the next nearest neighbour (n.n.n.) sites at the end of the intra block for describing the boundary conditions during the local RGT (18). But for very low temperatures we expect that the choice of our auxiliary space will lead to an unsatisfying approximation for describing all possible boundary conditions. Therefore by including also copies of the n.n.n. sites into the auxiliary space should lead to an improvement of our approximation. Now a simple enlargement of our auxiliary space will lead to a serious difficulty. By the choice of our local truncation and embedding maps (19) and because of our rather simple choice of the auxiliary space we are not able to mark the original intra block within the superblock. But instead of changing the embedding and truncation maps which demands for also changing the invariance relation (14), we are interested in a more simple approach. In fact until now we have not taken the effect of the blocksize of the original intra block into account. In figure 4 we have shown the superblock construction for a four site intra block. By figure 4 it also becomes obvious that by enlarging the auxiliary space by copies of the n.n.n. sites also these sites must be truncated during the local RGT and we can therefore keep the definition of the embedding and truncation maps according to (14) . The superblock with this enlarged auxiliary space we like to denote as the enlarged superblock. The enlarged superblock includes four original block sites and also for auxiliary sites. We therefore define a 'goodness' of our approximation as the ratio of the number of sites in limit. By the convergence of the two superblock flows in the plotted regime of figure 5 we confirm our hypothesis of a suitable auxiliary space. The enlarged superblock RG flow deviates only slightly from the superblock flow behaviour and we assume that the auxiliary space constructed by copies of n.n. sites already provides a satisfying description of the boundary effects. Nevertheless concerning our assumption we expect that for lower temperature the two superblock RG flows differ from each other. In figure 6 we have plotted a lower temperature regime of the flow behaviour for both auxiliary spaces. We like to stress here that although in the numerical DMRG procedure the physical quantities are calculated by numerical convergence no flow behaviour can be examined for T = 0. By increasing the block size in the numerical DMRG procedure one only improves the numerical accuracy, but does not allow for studying the system at finite temperature. Since the deviation in figure 6 is rather serious the question occurs how many copies of lattice sites are needed for an auxiliary space by which we are able to describe the boundary conditions within the nontrivial fixed point regime of the RG flow. Examining the flow behaviour in this nontrivial fixed point regime leads us to the calculation of thermodynamic quantities of our model [16] . As is well known [9] no nontrivial fixed point occurs for strongly correlated systems in one dimension. Indeed the flow visualized in figure 3 has the same trivial behaviour as the classical analogue (9) . To observe a nontrivial phase structure we have to extend our calculations to higher dimensions. This can be achieved by using the Kadanoff bond moving procedure [8, ?] which is a controllable approximation to higher dimensions. In the case of our isotropic quantum spin-1 2 model it is well known that there exists one nontrivial attractive fixed point in three dimensions. By using the Kadanoff bond moving procedure we have determined this nontrivial fixed point from the superblock flow for the four site intra block numerically as
The occurrence of this expected fixed point behaviour confirms our approach defining RGTs. Here we will not further calculate any thermodynamic quantities because this is not the aim of this paper.
IV The anti-ferromagnetic isotropic Heisenberg chain
A further difficulty occurs when we consider the anti-ferromagnetic regime (k < 0). The anti-ferromagnetic flow behaviour of the local RGT defined by a three site intra block turns out to be unphysical and has not been drawn in figure 3 for this reason. Due to the underlying symmetry of the model, we are able to represent the eigenstates by the spin z-component for every site. In this notation the groundstate for the XXX model can be represented as an alternating sequence of spin up and spin down. Figure 7 visualizes one RG step of the superblock RGT for the three site intra block in the anti-ferromagnetic case. The original n.n. coupling was of anti-ferromagnetic type, whereas the new n.n.n.
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n.n. n.n. n.n. n.n. n.n. n.n. . . . The local RGT in the low temperature regime for the anti-ferromagnetic case. The nearest neighbour coupling (n.n.) J > 0 is mapped onto the renormalized next nearest neighbour coupling (n.n.n.), which in turn is now ferromagnetic J ′ < 0.
coupling displays ferromagnetic behaviour which explains the unphysical behaviour of this RGT. By choosing a four site intra block we change the size of the block as well as the symmetry. Indeed by again choosing an original intra block composed of four sites we are able to remove the unphysical behaviour as depicted in figure 8 . As obvious by figure 8 the original anti-ferromagnetic coupling is again mapped onto the effective anti-ferromagnetic n.n. coupling. Both couplings, the effective and the original one, are of the same type, which in turn makes it possible to construct an entire anti-ferromagnetic superblock RG flow. In figure 9 this anti-ferromagnetic flow for the enlarged superblock structure depicted in n.n. n.n. n.n. n.n. n.n. n.n. n.n. . . .
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Figure 8:
The local RGT in the low temperature regime for the anti-ferromagnetic case. The nearest neighbour coupling (n.n.) J > 0 is mapped onto the renormalized next nearest neighbour coupling (n.n.n.) which in turn is anti-ferromagnetic J ′ > 0.
figure 8 is again plotted by the dotted line. Again the dashed line denotes the flow without taking any auxiliary space into account. To give more insight to our method figure 9 contains also two further superblock flows. The upper lighted solid curve shows the discussed unphysical behaviour for a three site original intra block. The effective coupling always changes the sign which is in agreement with our explanations and figure 7. We also detect a completely unexpected convergence to approximately k ′ ∼ 0.24. The darker solid curve is a mixture of the transformations visualized in figure 7 and figure 8 in the case that we have used an isolated block of four sites, but concerning the construction of the auxiliary space we have taken only copies of the n.n. spins on both ends of the original intra block into account. Although this RG flow displays the same surprising convergence the effective coupling does not include an unphysical change in the sign. So as a vague interpretation this curve seems to remove the unphysical behaviour of the upper solid curve but it can not depict an entire correct antiferromagnetic behaviour. The dotted curve in figure 9 corresponds to an enlarged superblock. In this case the description of the boundary conditions within the local RGT respects also the antiferromagnetic structure. It seems that both, the enlarged superblock as well as the original four site intra block display a correct anti-ferromagnetic flow behaviour. In analogy to the ferromagnetic case plotted in figure 5 the enlarged superblock flow in the antiferromagnetic regime is again increasing much slower then the RG flow without using any auxiliary space. 
V Conclusions
In this paper we have given a first and rather simple example for an application of our new real-space RG method [1] by examining the isotropic spin-1 2 Heisenberg model. Although the partition function for this model is not conserved by our RG method and therefore our approach does not yield an exact local RGT, we provided a controllable approximation in calculating the flow behaviour for the isotropic spin-1 2 Heisenberg model. Here controllable means that our method enables us to successively improve the description of the non commutativity between two neighbouring blocks within the RGT. In fact we found a convergence concerning our results represented graphically which can be thought of as the analytical counterpart to the numerical convergence in measuring physical quantities by the Density Matrix RG (DMRG). The approximation we used displays the expected physical behaviour in the ferromagnetic as well as in the antiferromagnetic regime. Our results are established without using any numerical calculation. Therefore we have represented a non perturbative real-space RG scheme which leads to a rigorous calculation of the flow behaviour within a controlled approximation. Due to the simplicity of our model we will proceed by applying the same kind of approximation to other interesting cases. We also work on an exact RGT provided by the same general formalism [1] used in this work. Thereby we will include a passive auxiliary space which is rather different from the (active) auxiliary space used in this paper. Further we work on a complete numerical implementation of our real-space RG method which we use to examine the strong coupling regime in nonlinear partial differential equations.
